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INTRODUCTION 
Let B be a class of finite groups which is subgroup-inherited and homo- 
morphism-invariant. A normal subgroup H of the finite group G is termed 
a &Frattini subgroup of G provided that if K is a normal subgroup G such 
that K/H E 8, then K E 0. In developing the theory of r9-Frattini subgroups, 
it is usually assumed that the product of normal &subgroups, denoted F,(G), 
is a B-subgroup of G. We prove that a normal subgroup H of G is a O-Frattini 
subgroup of G if and only if F,(G/H) = F,(G)/H. If 0 is the class of finite 
nilpotent groups, then a normal subgroup H of G is a O-Frattini subgroup of G 
if and only if H is a generalized Frattini subgroup of G (see [4] and [5]). 
In general, the product of 8-Frattini subgroups of G need not be a O-Frattini 
subgroup (see Example 2.3). 
We mention that O-Frattini subgroups are not necessarily preserved under 
homomorphisms, hence we call a normal subgroup H of G a strictly B-Frattini 
subgroup of G provided that Ha is a 8-Frattini subgroup of GO for every 
homomorphism o of G. The product of two strictly O-Frattini subgroups of G 
is a strictly 6’-Frattini subgroup of G. If the Frattini subgroup 4(G) is a 
8-Frattini subgroup of G, then it is a strictly 8-Frattini subgroup. We mention 
that if 0 is the class of all finite supersolvable groups, then 4(G) is a O-Frattini 
subgroup for every group G. 
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In general, the Frattini subgroup is not a &Frattini subgroup (see Example 
2.4). However, for certain classes 0 of finite groups we obtain necessary and 
sufficient conditions for $(G”) to be a B-Frattini subgroup of G” for every 
homomorphism u of G. 
In the last section we consider classes 6’ of finite groups which are subgroup- 
inherited, homomorphism-invariant, and the product F,(G) of normal 
B-subgroups of G belongs to 0. A finite group is termed d-separated if it 
possesses an invariant series whose factors are O-groups. If 0 is the class of 
finite nilpotent groups, then e-separated groups are precisely the finite 
solvable groups. If 0 is the class of all finite r-closed groups, ZT a set of prime 
numbers, then the O-separated groups are precisely the n-separated groups. 
Subgroups, epimorphic images, and normal products of O-separated groups 
are B-separated. A finite group G is B-separated if and only if the minimal 
normal subgroups of every homomorphic image of G are O-groups. In 
addition to the above three properties of 6, let us assume that 6’ satisfies the 
Z-property (i.e. G/Z(G) E 0 implies GE 8, where Z(G) is the center of G). 
We show that if G is B-separated, then C@‘,(G)) <F,(G). This result 
generalizes a well-known result of solvable groups. 
2. PROPERTIES OF &FRATTINI SUBGROUPS 
The only groups considered here are finite. It is assumed that the reader is 
familiar with the notation of [4] and [S]. 
Let 0 denote a class of groups which satisfy: 
(I) Subgroups of B-groups are O-groups; 
(II) Epimorphic images of O-groups are B-groups. 
We say that G E 19 provided that G is a O-group. We shall always assume 
that O-groups exist, whence by II, 1 E 8. 
DEFINITION 2.1. The normal subgroup H of the group G is a O-Frattini 
subgroup of G provided that if K is normal in G such that K/H E 0, then 
KEO. 
EXAMPLE 2.1. If 0 is the class of solvable groups, then every normal 
solvable subgroup of G is a 8-Frattini subgroup of G. 
EXAMPLE 2.2. If B is the class of nilpotent groups, then the proper 
normal subgroup H is a B-Frattini subgroup of G if and only if H is a gener- 
alized Frattini subgroup of G (see Theorem 2.1 of [5]). 
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Let 8 satisfy I, II, and 
(III) The product of normal O-groups is a normal B-group. 
We can now form the characteristic subgroup F,(G) which is the product 
of all normal O-subgroups of G. In this case several equivalent conditions 
are obtained for a normal subgroup to be a B-Frattini subgroup (Theorem 2.1). 
Note that if 0 is the class of finite nilpotent groups then F,(G) is just the 
Fitting subgroup of G. As in the case of the Fitting subgroup of H x K, 
F,(H x K) = F,(H) x F,(K) for the general class 8. 
LEMMA 2.1. Let B satisfy I, II, and III. If K is a -maximal subnormal 
O-subgroup of G, then K is a normal O-subgroup of G. 
Proof. Let K be a maximal subnormal O-subgroup of G, and let K = 
Kc, < Kl< K, < ... < K, = G be a minimal normal series from K to G. 
Suppose, to the contrary, that K is not normal in G. Then n 3 2, and so 
there is an x E K, such that Kz # K. Thus KxK < KI and K*K is a normal 
O-subgroup of KI by III. Hence K”K is a subnormal O-subgroup of G, and 
by the maximality of K, we have Kx = K which is a contradiction. Thus K 
is normal in G. 
THEOREM 2.1. The following statements are equivalent for the normal 
subgroup H of thegroup G whenever 0 satisJies I, II, and III: 
(a) Fo(GIH) = FdG)IH; 
(b) His a &Frattini subgroup of G; 
(c) If K is a subnormal subgroup of G such that K/H E 0, then K E 0. 
Proof. (a) 3 (b). Suppose that F&G/H) = F,(G)/H and K is a normal 
subgroup of G such that K/H E 0. Then K/H < F,(G/H) = F,(G)/H, so that 
K < F,(G). Because of I and III, K belongs to 0. Thus (a) 3 (b). 
(b) * (c). Let H be a O-Frattini subgroup of G and K be a subnormal 
subgroup of G such that K/H E 0. Let M/H be a maximal subnormal O-sub- 
group of G/H containing K/H. By Lemma 2.1, M/H is normal in G/H, 
so that M is a normal O-subgroup of G. By I it follows that K belongs to 0, 
hence H satisfies (c). 
(c) j (a). Let H satisfy (c). Then H < F,(G) andF,(G)/H < Fe(G/H), 
since by II and III F,(G)/H is a normal O-subgroup of G/H. Let F&G/H) = 
K/H. Then K is a normal subgroup of G and K/H E 0. Therefore K E 8, 
so that K/H < F,(G)/H. Hence H satisfies (a) and the proof is complete. 
COROLLARY 2.1.1. Let 6’ satisfy I, II, and III. If H is a O-Frattini subgroup 
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of G and K is a subnormal subgroup of G which contains H, then His a 8-Frattini 
subgroup of K. 
Proof. Let L be a normal subgroup of K such that L/H E 0. Since L is 
subnormal in G, by Theorem 2.1, L belongs to 8. Thus H is a &Frattini 
subgroup of K. 
Until further notice, we shall assume only that 6’ satisfies I and II. 
We now obtain a result which generalizes Theorem 3.4 of [4]. 
THEOREM 2.2. Let H and K be normal subgroups of G such that H < K. 
Then K is a 8-Frattini subgroup of G if and only if H is a 8-Frattini subgroup of G 
and K/H is a &Frattini subgroup of G/H. 
Proof. Suppose that K is a 8-Frattini subgroup of G. We first show that H 
is a 8-Frattini subgroup of G. Let L be a normal subgroup of G such that 
L/H E 8. NOW LKIK z L/L n Kg (L/H)/(L n K/H) E 0 because of II. 
Since K is a O-Frattini subgroup of G, LK E 0. Hence, because of I, L E 8, 
and therefore His a B-Frattini subgroup of G. 
We now show that K/H is a O-Frattini subgroup of G/H. Let L/H be a 
normal subgroup of G/H such that (L/H)/(K/H) is a O-group. Then L/K E 8, 
hence L E 8. By II L/H E 8; hence K/H is a 8-Frattini subgroup of G/H. 
Conversely, suppose that H and K/H are B-Frattini subgroups of G and 
G/H, respectively. Let L be a normal subgroup of G such that L/K E 8. 
By II, (L/H)/(K/H) is a O-group, so that L/H E 6. Thus L E 6, whence K is a 
O-Frattini subgroup of G. This complete the proof. 
EXAMPLE 2.3. There does not necessarily exist a unique maximal 
O-Frattini subgroup of G. For let 0 be the class of (finite) nilpotent groups and 
let G be the relative holomorph of Js x Js x J7 by an automorphism of order 
three which acts as an automorphism of order three on both 1s x /a and J, . 
(Here Jn is the cyclic group of order n). Then Js x Ja and J, are both 
maximal 8-Frattini subgroups of G (see [4, p. 4471). 
We thus form theintersectionl,(G)of all maximal&Frattinisubgroups ofG. 
THEOREM 2.3. The following statements are equivalent for the normal 
subgroup K of G: 
(4 K < b(G); 
(b) If M is a O-Frattini subgroup of G, then MK is a O-Frattini subgroup 
of G. 
Proof. Suppose that K < I,(G) and M is a 8-Frattini subgroup of G. 
Let M, be a maximal 8-Frattini subgroup of G that contains M. Because of 
Theorem 2.2, KM is a 8-Frattini subgroup of G. 
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Conversely, suppose that K satisfies condition (b). Let M be a maximal 
B-Frattini subgroup of G. Then MK is O-Frattini, so that K < M by the 
maximality of M. Thus K < IO(G) and the proof is complete. 
THEOREM 2.4. If K is a normal subgroup of G contained in IO(G), then K 
is a 8-Frattini subgroup of G and I,(G/K) = I,(G)/K. 
Proof. By Theorem 2.2, K is a 8-Frattini subgroup of G and M is a 
maximal 6’-Frattini subgroup of G if and only if M/K is a maximal O-Frattini 
subgroup of G/K. Therefore, I,(G/K) = I,(G)/K. 
COROLLARY 2.4.1. I&G/I,(G)) = 1. 
Note that Example 2.3 also shows that O-Frattini subgroups are not 
necessarily preserved under homomorphisms. We are thus led to the following 
definition. 
DEFINITION 2.2. A normal subgroup H of the group G is called a strictly 
8-Frattini subgroup of G provided that if u is a homomorphism of G, then 
Ho is a 8-Frattini subgroup of GO. 
It is clear that a strictly 8-Frattini subgroup of G is a O-Frattini subgroup 
of G. 
THEOREM 2.5. Let H and K be normal subgroups of G such that H < K. 
Then K is a strictly 0-Frattini subgroup of G if and only if H is a strictly 8- 
F’rattini subgroup of G and K/H as a strictly B-Frattini subgroup of G/H. 
Proof. Apply Theorem 2.2 or use Lemma 1 of [9]. 
Note that if H is a strictly 8-Frattini subgroup of G and a is a homomor- 
phism of G, then Ha is a strictly 8-Frattini subgroup of GO. 
COROLLARY 2.5.1. If H and K are strictly O-Frattini subgroups of G, 
then HK is a strictly 8-Fvattini subgroup of G. 
Proof. Let H and K be strictly O-Frattini subgroups of G. Then HK/K 
is a strictly &Frattini subgroup of G/K, so by Theorem 2.5, HK is a O-Frattini 
subgroup of G. 
In general, the product of two O-Frattini subgroups of G is not a O-Frattini 
subgroup of G as seen in Example 2.3 of the present paper. 
THEOREM 2.6. Let H be a O-Frattini subgroup of G and K be a strictly 
$-Frattini subgroup of G. Then HK is a 8-Frattini subgroup of G. 
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Proof. Let L be a normal subgroup of G such that L/HK is O-group. 
Then (L/H)/(HK/N) is a O-group, and HK/H is a strictly O-Frattini subgroup 
of G/H. Thus L/H E 0, so that L E 0. Therefore HK is a 8-Frattini subgroup 
of G. 
Define P,(G) to be the product of all strictly 8-Frattini subgroups of G. 
By Corollary 2.5.1, P,(G) is a strictly &Frattini subgroup of G. Note that 
if o is a homomorphism of G, then P,(G)” < PO(GO). 
THEOREM 2.7. (a) If N is a normal subgroup of G contained in P,(G), 
then P,(G/N) = P,(G)/N. 
(b) Po(GIPo(G)) = 1. 
Proof. (a) Clearly P,(G)/N < P,(G/N). Let P,(G/IV) = H/N. By Theo- 
rem 2.5, His a strictly O-Frattini subgroup of G, so that P,(G/N) < P,(G)/N. 
(b) This follows from (a). 
Now let F(G) denote the product of normal O-subgroups of G. Then 
F(GU/PO(G)U) = F(G”)/P,(G)‘= f or every homomorphism o of G. Since the 
product of a strictly 6’-Frattini subgroup and a 8-Frattini subgroup is 8- 
Frattini, it follows that P,(G) < I,(G). 
EXAMPLE 2.4. Let r be a fixed set of prime numbers and 0 be the class 
of all r-groups (i.e. GE 0 if and only if / GI =p:l ...pp, where v 2 {p, ,..., pk}). 
Then B satisfies I, II, III, and has the &property (i.e., G/+(G) E 8 implies 
GE 0, where 4(G) denotes the Frattini subgroup of G). The fact that 0 
satisfies the +-property follows from 9.3.19 of [12]. Now let v = (3) and 
G = Ja x Jz5. Then 4(G) = (oL), where 01 E Jz5 and / 011 = 5. Let H = 
2 ; (a). Then H/+(G) E 0, but H $8. Thus$(G) is not a 8-Frattini subgroup 
EXAMPLE 2.5. In general, Z(G) is not a 8-Frattini subgroup of G. For we 
need only consider a nilpotent group G of class 2. 
We now examine the case when the Frattini subgroup and center are 
8-Frattini subgroups. We begin with the following theorem. 
THEoREnt 2.8. (a) If 0 is such that the Frattini subgroup +(G) of every 
group G is a tl-Frattini subgroup of G, then 4(G) is a strictly O-Frattini subgroup 
of G. 
(b) If 0 is such that the center Z(G) is a 8-Frattini subgroup of every 
group G, then Z(G) is a strictly O-Frattini subgroup of G. 
Proof. If (T is a homomorphism of G, then 4(G)’ < 4(G”) and Z(G)” < 
Z(Go). Both statements then follow from Theorem 2.2. 
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We recall that the intersection of all self-normalizing maximal subgroups 
of G is denoted by L(G). If G does not contain self-normalizing maximal 
subgroups (i.e., G is nilpotent), then let L(G) = G (see [3] and [4]). 
THEOREM 2.9. L(G) is a strictly 8-Frattini subgroup of every group G 
if and only if 4(G) and Z(G) are f3-Frattini subgroups of every group G. 
Proof. Suppose that +(G) and Z(G) are 8-Frattini subgroups of G for 
every group G. By Theorem 2.8, 4(G) and Z(G) are strictly &Frattini sub- 
groups of G for every group G. Because of Theorem 2.2 of [3] L(G)/+(G) = 
Z(G/+(G)), hence it follows from Theorem 2.5 thatL(G) is a strictly &Frattini 
subgroup of G. 
Conversely, suppose that L(G) is a strictly &Frattini subgroup of G for 
every group G. Since $(G) <L(G), Theorem 2.5 implies that 4(G) is a 
strictly &Frattini subgroup of G. Now Z(G)+(G)/+(G) < Z(G/+(G)) = 
L(G)/+(G), so that Z(G) < L(G). Thus Z(G) is also a strictly &Frattini 
subgroup of G. This completes the proof. 
COROLLARY 2.9.1. Let 6’ be such that the Frattini subgroup and the center of 
every group are O-Frattini subgroups. Then the hypercenter Z*(G) is a strictly 
O-Frattini subgroup of G. 
Proof. Because of Theorem 2.2 of [3], Z*(G) < L(G). Then Z*(G) is a 
strictly &Frattini subgroup of G because of Theorems 2.9 and 2.5. 
COROLLARY 2.9.2. Let 8 be such that the Frattini subgroup and center of 
every group are &Frattini subgroups. If H is a B-Frattini subgroup of G, then 
HL(G) is a 8-Frattini subgroup of G. In particular, L(G) < I,(G). 
Proof. Because of Theorem 2.9, L(G) . is a strictly 0-Frattini subgroup of G. 
Hence, L(G) His a &Frattini subgroup of G by Theorem 2.6. The remainder 
of the corollary follows from Theorem 2.3. 
We remark that if 0 is the class of nilpotent groups, then +(G) and Z(G) 
are &Frattini subgroups of G for every group G (see [3,4]). If ~9 is the class of 
n-closed groups, m is a set of primes, then 4(G) and Z(G) are &Frattini 
subgroups of G. In fact, every weakly hypercentral subgroup of G is a 6- 
Frattini subgroup of G (see [l] and [7]). 
In the remainder of the present section we will determine certain conditions 
under which $(G) is a &Frattini subgroup of the group G. We now introduce 
certain concepts which are needed in the remainder of this section. The 
reader is referred to [lo, p. 696-7111. Let 0 denote a class of (finite) groups. 
The e-commutator of G, denoted [G, 01, is the intersection of all normal 
subgroups K of G such that G/K E 0. The class 0 is called a formation if B 
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satisfies II and if G/[G, 01 E 0. A formation 0 is termed saturated if G/$(G) E 0 
implies G E 8. A &subgroup L of G is called a e-covering subgroup, 0 a forma- 
tion, of G if for each subgroup H of G such that L < H < G and H/H,, E 8, 
HO normal in H, then H = H,,L. 
For each prime number p let e(p) d enote a formation. Let F,(G) denote 
the product of normal subgroups of G which are p-nilpotent, and let 0 
denote the class of finite groups which satisfies G E 0 if and only if p does not 
divide the order / G / of G when B(p) is empty and G/F,(G) E B(p) when B(p) 
is nonempty. Then 0 is a saturated formation by Hauptsatz 7.5 of [lo, p. 6971 
and 0 is called the formation defined locally by the given formations B(p). 
DEFINITION 2.3. Let 0 denote a class of groups. A group G is said to 
satisfy condition A(0) provided that if 0 is a homomorphism of G, H is a 
normal subgroup of GU such that H $0 and K is an Abelian minimal subgroup 
of Go such that H/K E 0, then K has a complement in H and any two such 
complements are conjugate in H. 
We now give an example which illustrates the condition A(B). 
EXAMPLE 2.6. Let B be a saturated formation of solvable groups. By 
Satz 7.25 of [lo, p. 7101, 8 is defined locally. Let G be a solvable group, 
0 a homomorphism of G, H a normal subgroup of Go such that H 6 8, and K 
a minimal subgroup of G” such that H/K E 0. Since Go is solvable, K is 
Abelian and we note that [H, 01 < K and [H, 01 # 1 since H $0. Since K 
is a minimal normal subgroup of GO, [H, 01 = K so that [H, 01 is Abelian. 
Because of Satz 7.10 [lo, p. 7001 H p ossesses e-covering subgroups and any 
two such subgroups are conjugate. Further, because of Satz 7.15 of [ 10, p. 7031 
K is complemented in H by the e-covering subgroups of H, hence G satisfies 
condition A(B). 
Let 0 be a class of groups which satisfies I, II and 
(III’) 6 is closed under direct products; 
(IV) e contains all finite Abelian groups. 
We note that because of Corollary 1 of [2, p. 1271 0 is a formation. 
THEOREM 2.10. Let 0 be a class of groups satisfying I, II, III’, and IV. If the 
group G satisjies condition A(B), the Frattini subgroup $(GO) of Go is a O-Frattini 
subgroup of Go for each homomorphism CJ of G. 
Proof. Deny the theorem and let G be a minimal counterexample. Thus G 
satisfies condition A(B) and there exists a homomorphism u of G and a normal 
subgroup H of Go such that H/$(G”) E 0, but H $8. Let M be a minimal 
normal subgroup of GU such that M < $(Go). Since +(GO) is nilpotent, it 
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follows that the derived subgroup M’ of M is proper in M, hence M’ = 1. 
Thus M is Abelian. 
We also note that any homomorphic image of G also satisfies A(8). Further, 
1 GO/M 1 < j G / and H/M is a normal subgroup of G/M. Now 
is a O-group, so that by the minimal choice of G, we see that H/M E 8. Since 
Go satisfies condition A(B), M has a complement S in H and any two com- 
plements of M in H are conjugate. 
If x E Go, then S” is a complement of M in H. So there exists h E H such 
that Slh = S. Thus xh E N&S), so that x E HIV,,(S). Therefore, G0 = 
HIV&S) = MSVo,(S) = MN,,(S) = +(GU) IV&S) = N&S), since$(GO) 
consists of nongenerators of GO. Thus S is normal in GU, so that H = M x S. 
Since M is Abelian, ME 0 by IV. Since S G HIM E 8, we have that HE 0 
by III’. This is a contradiction and the proof is complete. 
We next consider a condition which is necessary and sufficient for $(G”) 
to be a O-Frattini subgroup of GO, for each homomorphism (T of G. We begin 
with the following lemma. 
LEMMA 2.2. Let 8 be a class of groups which satisfies I and II. Let $(G) be 
a O-Frattini subgroup of G. Let K be an Abelian minimal normal subgroup qf G 
and let H be a normal subgroup of G such that H/K E 8, but H q? 0. Then K 
has a complement in G. 
Proof. Since K is a minimal normal subgroup of G, either K 17 4(G) = 1 
or K < 4(G). If K < 4(G), then HE B because of Theorem 2.2. Thus 
K n 4(G) = 1. Because of Satz 7 or [8], K has a complement of G. 
DEFINITION 2.4. Let 0 be a class of groups. A group G is said to satisfy 
condition B(B) provided that if o is a homomorphism of G, H is a normal 
subgroup of Go such that H # 0, K is an Abelian minimal normal subgroup 
of G0 such that H/K E 6’ and K has a complement in H, then K has a com- 
plement in G. 
Now let 0 be a saturated formation which satisfies I. Then 0 satisfies III’ 
because of Corollary 1 of [2, p. 1271. 
THEOREM 2.11. Let 6’ be a saturated formation satisfying I and IV. Then 
the group G satisfies condition B(B) if and only if +(G”) is a B-Frattini subgroup 
of G” for every homomorphism o of G. 
Proof. Suppose that 4(G0) is a B-Frattini subgroup of G for every homo- 
morphism o of G. By Lemma 2.2 it follows that G satisfies B(B). 
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Deny the converse, and let G be a minimal counterexample. Then G 
satisfies condition B(B), and there exists a homomorphism u of G and a 
normal subgroup H of G” such that H/$(G) E 8, but H # 0. 
If $(H) # 1, then 1 G”/+(H)/ < / G 1 and GO/$(H) satisfies condition B(0) 
since any homomorphic image of G satisfies condition B(0). Further, 
W#JWI~(G%WN = H/+(G”) E 0, so by the minimality of G, we see that 
H/$(H) E 8. Since 0 is a saturated formation, HE 8. 
Thus +(H) = 1. Let K be a minimal normal subgroup of G” contained in 
+(G”). Then K is Abelian and K < H. By Satz 7 of [8], K has a complement 
in H. Also (H/K)/4(G”/K) g H/+(G) E 8. Therefore, H/K E 0 by the 
minimal choice of G. Since G satisfies condition B(B), K has a complement 
in GO. But this is impossible since K < $(GO). This completes the proof. 
Now let 0 be a saturated formation which contains all cyclic groups of 
prime order. Let Y denote the class of all (finite) solvable groups. Let G 
be a group, and let H be a normal subgroup of G such that H/+(G) E B n Y. 
Then H is solvable; hence because of Satz 7.10 of [lo, p. 7001 H possesses 
e-covering subgroups and any two such subgroups are conjugate. Let L 
denote a B-covering subgroup of H. Then H = +(G)L, and it follows that 
G = HNo(L) = $(G)No(L). Hence G = No(L), and so L is a normal 
subgroup of G. Since 0 contains all cyclic groups of prime order it follows 
by Hilfssatz 7.11 of [lo, p. 7011 that N,(L) = L. Therefore, H = L E 8. 
First, assume that the group G is solvable. Then by the above H/4(G) E 0 
implies H E 8. Secondly, assume that 0 C 9. Then H E 0 by the above results. 
Hence, we have established the following two theorems. 
THEOREM 2.12. Let 8 be a saturated formation which contains all cyclic 
groups of prime order. If G is a solvable group, then q%(G) is a l%Frattini subgroup 
of G. 
THEOREM 2.13. Let B be a saturated formation which includes the cyclic 
groups of prime order. If 0 C 9, then 4(G) is a l3-Frattini subgroup for every 
group G. 
EXAMPLE 2.7. Let 0 denote the saturated formation of (finite) super- 
solvable groups. Then 0 contains all cyclic groups of prime order. Because 
of Theorem 2.13,4(G) is a &Frattini subgroup of G for every group G. 
Now let 0 be a class of groups such that t9 satisfies I, II, and G E t9 if and only 
if G/Z(G) E f?. Let H be a subgroup of G such that H/Z(G) ~0. Then 
H/Z(H) E B since Z(G) < Z(H); h ence H E 0. In particular Z(G) is a 0- 
Frattini subgroup of G. We also see that Z(G) is a strictly &Frattini subgroup 
of G because of Theorem 2.8, part (b). Further, the hypercenter Z*(G) of G 
is a strictly &Frattini subgroup of G. This fact follows from Theorem 2.5. 
481/17/3-3 
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The preceding paragraph leads to the following definition. 
DEFINITION 2.5. Let 19 be a class of groups which satisfies I and II. The 
normal subgroup S of G is called a d-immersed normal subgroup of G 
provided that if u is a homomorphism of G and H is a subgroup of G0 with 
1 # SV_C HC GUand H/PcB, then HEB. 
We note that a e-immersed normal subgroup of G is a strictly &Frattini 
normal subgroup of G. The reader can consult Kappe [ll] for further 
information on e-immersed normal subgroups. 
3. O-SEPARATED GROUPS 
We recall that a series G = HO > HI 3 ... 3 H, = 1 is called an 
invariant series if Hi is a normal subgroup of G, i = l,..., 71 (see [12]). 
Throughout this section, 0 will denote a class of (finite) groups which 
satisfies I, II, and III’. 
DEFINITION 3.1. A finite group G is called a e-separated group provided 
that G has an invariant series whose factors are e-groups. 
EXAMPLE 3.1. Let 0 be a class of groups satisfying I, II, and III’, and 
suppose that 0 contains all finite Abelian groups and that every &group is 
solvable. Then G is e-separated if and only if G is solvable. 
EXAMPLE 3.2. Let 0 be the class of r-closed groups, r is a set of prime 
numbers. A group G is said to be r-separated provided that each chief 
factor of G is a r-group or a n’-group (see [IO, 6591). It follows that G is 
e-separated if and only if G is m-separated. For if G is n-separated, then G 
has a chief series whose factors are either n-groups or rr’-groups. The factors 
of this series are thus B-groups, and so G is e-separated. Conversely, if G 
is e-separated, then it has an invariant series G = HO > HI > ... >, H, = 1 
whose factors are x-closed. Consider HJH,,, . Since Hi/H,,, is r-closed, 
it has a characteristic Hall n-subgroup A/H,+1 . Thus A is a normal subgroup 
of G such that HJA is a n’-group and A/H,+, is a n-group. We can thus 
construct a chief series for G in this manner such that the chief factors are 
either n-groups or r’-groups. 
The proofs of the next two lemmas are straightforward. 
LEMMA 3.1. If K is a subgroup of the O-separated group G, then K is 
O-separated. 
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LEMMA 3.2. If K is a normal subgroup of the O-separated group G, then 
G/K is &separated. 
DEFINITION 3.2. The O-commutator subgroup of the group G is the 
intersection of all normal subgroups H of G such that G/H E 0 (see [2, p. 1261). 
We denote this characteristic subgroup of G by [G, 01. 
We note that f9 satisfies I, II, and III’, hence 0 is a formation because of 
Corollary 1 of [2, p. 1271. Hence, G/[G, 01 E 0. Now let Gi = [G, 01. Induc- 
tively, we define G,+i = [G, , 81 and obtain the O-commutator series G = 
GO > G, 2 ... > G, > ... . The factors Gi/Gi+, are O-groups and the 
terminal member of the O-commutator series is called the O-hypercommutator 
and is denoted by B(G). 
The following theorem and corollaries are easy consequences of Definition 
3.2 and Lemmas 3.1 and 3.2. 
THEOREM 3.1. The following conditions are equivalent for the group G: 
(a) G is O-separated; 
(b) G has a normal series G = H,, > HI > ... 3 H, = 1 such that 
each factor is a O-group. 
(c) B(G) = 1; 
(d) C?(G) is a O-Frattini subgroup of G; 
(e) If H is a homomorphic mage of G, then each minimal normal subgroup 
of G is a O-group. 
COROLLARY 3.1.1. Let K be a normal subgroup of G such that K and G/K 
are O-separated. Then G is O-separated. 
COROLLARY 3.1.2. Let H and K be normal &separated subgroups of the 
group G. Then HK is a normal O-separated subgroup of G. 
Note that if r is the class of O-separated groups, then r satisfies I, II, and 
III. We thus denote the product of all normal B-separated subgroups of G 
by 5’,(G). Note that S,(G) = F,(G) and further S,(G) is a O-separated charac- 
teristic subgroup of G. 
For the remainder of this section we assume that 0 is a group property 
satisfying I, II, and III, so that F,(G) = product of all normal O-subgroups 
of G is a normal &subgroup of G. 
THEOREM 3.2. F,(G) is a O-Frattini subgroup of the group G if and only 
ifF,(G) = S,(G). 
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Proof. Suppose that F,(G) is a B-Fsattini subgroup of G. Let K be a 
&separated normal subgroup of G, and K = K, > Kl > ... 3 K, = I 
be the &commutator series of K. Then K,-, E 0, so that K,-, < F,(G). 
Thus K,-l is a 8-Frattini subgroup of G and Kn-Jli;nV1 E 0 imply that 
Kne2 E 0 or K,+, < F,(G). Continuing in this manner, we see that K = 
K,, ,( F,(G). Therefore, S,(G) <F,(G). S ince every O-group is e-separated, 
F,(G) < S,(G); so, we obtain equality. 
Conversely, suppose that F,(G) = S,(G). Let H be a normal subgroup 
of G such that H/F,(G) E 0. By Corollary 3.1 .l, H is O-separated. Thus 
H < S,(G) = F,(G), so that HE 0. ThusF,(G) is a 8-Frattini subgroup of G, 
and the proof is complete. 
We remark that this theorem generalizes Theorem 3.8 of [4]. 
COROLLARY 3.2.1. Let F,(G) be a O-Frattini subgroup of G. Then every 
subnormal e-separated subgroup of G is a O-group and G/F,(G) contains no 
nontrivial subnormal B-separated subgroups. 
Proof. By Theorem 3.2, F,(G) = S,(G). If H is a subnormal O-separated 
subgroup of G, then H = S,(H) < S,(G) = F@(G), so that H is a B-group. 
If K/F,(G) is a subnormal O-separated subgroup of G/F,(G), then by 
Corollary 3.1.1, K < Se(G) = F,(G). 
THEOREM 3.3. The following conditions are equivalent for the group G: 
(a) G is e-separated; 
(b) If K and G/K are O-separated, then G is d-separated. 
(c) If L # 1 is a homomorphic image of G such that L $0, then F,(L) 
is not a 8-Frattini subgroup of L. 
(d) If L # 1 is a homomorphic image of G, then F,(L) + 1. 
Proof. We have already proved the equivalence of (a) and (b). 
Suppose that G is O-separated, and let L # 1 be a homomorphic image of G 
such that L $0. If F,(L) is a &Frattini subgroup of L, then by Theorem 3.2, 
F,(L) = S,(L). But L is B-separated, so that F,(L) = L which is impossible 
since L 4 0. Thus F,(L) is not a 8-Frattini subgroup of L, and so (a) * (c). 
It is clear that (c) 3 (d). Now suppose that G # 1 satisfies (d). Then 
Mr = F,(G) # 1. If F,(G) = G, then G is a O-group. If F,(G) # G, then 
G/F&G) f 1, so that F,(G/F,(G)) = M2/Ml and Ml < M2. If M, = G, 
then 1 < Ml < M2 = G is an invariant series of G such that each factor 
is a O-group. If M2 f G, then continue this process until the desired series 
is constructed. Thus G is &separated and the four statements are equivalent. 
This completes the proof of the theorem. 
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Now suppose that G is O-separated, and let H be a subgroup of G such that 
H $0. If F,(H) is a 8-Frattini subgroup of H, then by Theorem 3.2, F,(H) = 
5’,(H). But S,(H) = H since the property of being O-separated is subgroup- 
inherited. Thus HE 8, and so F,(H) is not a 8-Frattini subgroup of H. We 
have established the first part of the proof of the following theorem. 
THEOREM 3.4. Let 0 be such that+(G) is a O-Frattini subgroup of G, for 
every group G. Then the group G is O-separated if and only if for each subgroup 
H of G such that H $0, then F,(H) is not a B-Frattini subgroup of H. 
Proof. Let G be a group satisfying the given condition. We show that 
G is O-separated by induction on 1 G /. It is clear that every proper subgroup 
of G satisfies the condition, so that by our inductive hypothesis, every proper 
subgroup of G is O-separated. If F,(G) < 4(G), then F,(G) is a O-Frattini 
subgroup of G, contradicting our assumption. 
Thus there exists a maximal subgroup M of G such that F&G) $ M. 
Then G = MFO(G), so that G/Fe(G) and F,(G) are e-separated groups. By 
Corollary 3.1 .l, G is O-separated. This completes the proof. 
We remark that Theorems 3.3 and 3.4 generalize parts of Theorem 1 of 
[l, p. 6571 and Theorem 1 of [6]. 
Recall that if G is a solvable group, then C,(F(G)) <F(G), where F(G) 
denotes the Fitting subgroup of G (see 7.4.6 of [12, p. 1671). Also note that 
if B is the class of nilpotent groups, then F,(G) = F(G), O-separated is equiva- 
lent to solvable, and if G/Z(G) is nilpotent, then G is also nilpotent. 
Throughout the remainder of this section we assume that 0 satisfies I, II, 
and III and the Z-property (i.e., G/Z(G) E B implies G E 0). 
LEMMA 3.3. In the group G, C,(F,(G))/Z(F,(G)) does not’contain a non- 
trivial normal O-separated subgroup. 
Proof. Suppose, to the contrary, that S,(W) # 1 where 
w = G(F,(G))IW&W 
Since S,(W) is O-separated, it contains a nontrivial characteristic O-subgroup 
A. If A = B/Z(F8(G)), then B is normal in G, since A is characteristic in W 
and Wis normal in G/Z(F,(G)). Now letF,(G) = F, then Z(F) < B <C,(F). 
Hence, Z(F) ,( Z(C,(F)), so that Z(F) < Z(B). Thus 
since A E 0. Therefore, B E 0, so that B < F n C,(F) = Z(F). Thus A = 1, 
which is a contradiction. This completes the proof. 
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THEOREM 3.5. If G is a B-separated group, then C,(F,(G)) < F,(G). 
Proof. Let G be a B-separated group. Then G/Z(F,(G)) is e-separated, 
so that C,(F,(G))/Z(F,(G)) is B-separated. By Lemma 3.3, C&F,(G)) ,( 
Z(F,(G)), and the proof is complete. 
EXAMPLE 3.3. Let 7 be a set of prime numbers and let 8 denote the class 
of all n-closed groups. As in Example 3.2 the e-separated groups are exactly 
the m-separated groups (see [IO, p. 6591). W e note that B satisfies I, II and III 
(see [2, p. 1291). B ecause of Proposition 1 of [l, p. 6361 and Corollary 1 of 
[l, p. 6371 it follows that 0 satisfies the Z-property. Let G be a r-separated 
group and let F,,(G) denote the product of all normal r-closed subgroups of G. 
Then by Theorem 3.5 it follows that C,(F,,(G)) < F,,(G). 
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